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• Target	properHes	of	the	Laplacian	spectral	
func<ons,	kernels,	and	distances	

–smoothness	&	orthonormality	

–intrinsic	definiHon;	ie.,	independent	of	data	
embedding/representa<on	

–mulH-scale	definiHon,	in	order	to	encode	
local	and	global	shape	features	

–invariance	to	shape	transformaHons;	eg.,	
isometries	for	pose	invariance	

–compact	support	&	localisaHon	at	feature/
seed	points	for	encoding	local	geometry	

proper<es	&	saving	memory	space	

–efficient,	stable,	and	parameter-free	
computaHon

Different	resoluHons

Different	&	parHal	representaHons

Different	postures

IntroducHon IntroducHon
• Working	on	the	space	of	scalar	funcHons	defined	on	the	input	domain	(eg.,	surface,	

volume),	we	can	address	

– mulH-scale	signal	representaHons	and	denoising,	by	projec<ng	the	input	
signals/data	on	a	set	of	(mul3-scale)	basis	func<ons	

– sparse	representaHons,	by	choosing	a	low	number	of	basis	func<ons	in	order	to	

achieve	a	target	approxima<on	accuracy	

– compression,	by	quan<sing	the	representa<on	coefficients

MulH-scale/sparse	
representaHon

Compression

f =
kX

i=1

↵i'i

k = 3, 20, 50, . . .f = (x, y, z)

IntroducHon
• Working	on	the	space	of	scalar	funcHons	defined	on	the	input	domain	(eg.,	surface,	

volume),	we	can	address	

– shape	deformaHons,	by	modifying	the	coefficients	that	express	the	geometry	of	
the	input	surface	in	terms	of	geometry-driven	or	shape-intrinsic	basis	funcHons	
(eg.,	harmonic	barycentric	coordinates)

f =
X

i

↵i(t)'i

Global	basis Local	basis

IntroducHon
• Working	on	the	space	of	scalar	funcHons	defined	on	the	input	domain	(eg.,	surface,	

volume),	we	can	address	

– the	defini<on	of	Laplacian	spectral	kernels	and	distances,	as	a	filtered	
combina<on	of	the	Laplacian	spectral	basis

d2(p,q) :=
X

i

↵i|'i(p)� 'i(q)|2
seed	pointp
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IntroducHon
• Working	on	the	space	of	scalar	funcHons	defined	on	the	input	domain	(eg.,	surface,	

volume),	we	can	address	

– shape	correspondence	and	comparison,	by	expressing	the	problem	with	respect	

to	a	basis	and	conver<ng	it	to	a	linear	or	least-squares	problem

p
q

T : M ! N

�p

FT (�p) ⇡ �q

FT : F(M) ! F(N )

Goals
• Review	of	previous	work	on	the	defini<on,	discre<sa<on,	and	

computa<on	of	Laplacian	&	Hamiltonian	spectral	funcHons	
– harmonic	func<ons	

– Laplacian/Hamiltonian	eigenfunc<ons	

– diffusive	func<ons,	as	solu<ons	to	the	heat	equa<on	

– …

Harmonic	
funcHon

Diffusive	funcHons	at	
different	scales

. . .
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Laplacian	eigen-funcHons	at	
different	frequencies

Goals

• Review	of	previous	work	on	the	defini<on,	discre<sa<on,	and	

computa<on	of	Laplacian	spectral	kernels	and	distances	(eg.	
commute	<me,	biharmonic,	wave	kernel	distances)	by		

– filtering	the	Laplacian	spectrum	

– generalising	results	on	the	heat	diffusion	kernels	and	

distances.

Bi-harmonic dist. Diffusion dist. Mexican hat dist.

Goals

• Our	review	will	be	“independent”	of		

– data	dimensionality	(surface,	volume,	nD	data)	

– discre<sa<on	of	the	input	domain	(mesh,	point	set)	and	the	

Laplace-Beltrami	operator



Goals

• Analysis	of	preview	work	on	the	computa<on	of	the	Laplacian	

spectral	func<ons,	kernels,	and	distances	in	terms	of	

– robustness	with	respect	to	the	discre<sa<on	of	the	input	

domain:	connec<vity,	sampling,	and	smoothness	(eg.	

geometric/topological	noise)

Goals

• Analysis	of	preview	work	on	the	computa<on	of	the	Laplacian	

spectral	func<ons,	kernels,	and	distances	in	terms	of	

– numerical	proper<es	(eg.,	sparsity,	condi<oning	number)	of	

the	Laplacian	matrix	and	filter	behaviour

Goals

• Analysis	of	preview	work	on	the	computa<on	of	the	Laplacian	

spectral	func<ons,	kernels,	and	distances	in	terms	of	

– numerical	accuracy/stability:	convergence,	Gibbs	phen.	

– computa<onal	cost	&	storage	overhead	

– selec<on	of	parameters	&	heuris<cs

Goals

3D	Shape
M n	points

. . .

Space	of	scalar	funcHons	defined	on	M

� 2 Rn⇥n

• In	the	space	of	scalar	func<ons	defined	on	M,	we	represent	

– point-wise	or	piecewise	linear	scalar	funcHons	as	vectors	
– linear	operators	as	matrices	

• Numerical	linear	algebra	is	the	main	tool	for	addressing	applica<ons	in	spectral	

geometry	processing	and	shape	analysis



Goals
• Focus	&	Novelty:	unified	review	of	the	defini<on,	discre<sa<on,	and	computa<on	of	

Laplacian	spectral	func<ons,	kernels,	and	distances,	independent	of	the	data	

dimensionality	and	discre<sa<on	of	both	the	input	domain	and	the	Laplace-Beltrami	

operator	

• ApplicaHons	to	geometry	processing	&	shape	analysis	

– Geodesics	&	signal	approxima<on	

– Diffusion	smoothing,	distances	&	descriptors	

– Laplacian	spectral	kernels	&	distances	for	shape	comparison	

• Previous	STARs	have	addressed	

– the	comparison	of	different	discrete	Laplacians[Zhang07]	

– Laplacian	spectral	smoothing[Taubin99]	

– surface	coding	&	spectral	par<<oning[Karni00]	
– shape	deforma<on	based	on	differen<al	coordinates[Sorkine06]	

– applica<ons	to	shape	modeling	&	geometry	processing[Lèvy06]	

– diffusion	shape	analysis[Bronstein12]		&	comparison[Biasoh15]

Outline
• Laplacian	&	Hamiltonian	operators	

– Con<nuous	&	discrete	differen<al	operators	
–Harmonic	func<ons	

– Laplacian	&	Hamiltonian	eigenfunc<ons	

–Heat	diffusion	kernels	
– Proper<es	&	computa<on	

• ApplicaHons	
–Geometry	processing	

– Shape	analysis	
• Laplacian	spectral	kernels	&	distances	

– Proper<es	&	computa<on	

• Conclusions

Laplacian	&	Hamiltonian		
Operators

Laplacian	equaHons

�f = 0

�f = �f

� := div(grad) �D := div(Dgrad)
• Con<nuous	case		

• Harmonic	equa<on	

• Laplacian	eigenvalue	problem		

• Heat	diffusion	equa<on

(@t +�)F (·, t) = 0



Discrete	Laplacians

• Aim:	review	of	previous	work	on	the	discre<sa<on	of	the	
Laplace-Beltrami	operator	through	a	unified	representaHon	
of	the	discrete	Laplacians	that	is	independent	of	the	
– “dimensionality”	of	the	input	domain:	surfaces,	volumes,	

nD	data	

– discreHsaHon	of	the	input	domain:	graphs,	triangle/

polygonal/tetrahedral	meshes,	point	sets	

– Laplacian	weights,	as	entries	of	the	Laplacian	matrix.

• We	represent	the	Laplacian	matrix	for	graphs,	meshes,	and	

point	sets	in	a	“unified”	way	as	

• Main	properHes	
– Posi<ve	semi-definiteness:		

– Null	eigenvalue:	

– B-self-adjointness:

Discrete	Laplacians

hL̃f , fiB = f>Lf � 0

L̃1 = 0

L̃ = B�1L
B-scalar	product	<f,g>B:=fTBg	
on	the	space	of	scalar	func<ons	

defined	on	the	input	domain

L	sparse,	symm.,	posi<ve	semi-definite,	L1=0	
B	sparse,	symm.,	posi<ve	definite

hL̃f ,giB = hf , L̃giB

Discrete	Laplacians

L̃ = B�1L

SHffness	matrix

Mass	matrix	

L(i, j) :=

8
<

:

w(i, j) := � cot↵ij+cot �ij

2 j 2 N(i)
�
P

k2N(i) w(i, j) i = j
0 else

• Linear	FEM	Laplacian	matrix[Reuter06]	on	triangle	meshes	

• Voronoi-cotg	on	triangle[Desbrun99,Pinkall99]	&	polygonal	

meshes[Alexa11,Herholz11],	Curvature-based	Laplacians[Aflalo2013]	

• Anisotropic	Voronoi-cotg	weights[Andreux14,Shi08,Kim13]

• According	to[Aflalo2013],	we	consider	the	curvature-based	

Laplacian	

– A	is	the	diagonal	matrix	whose	ith	component	is	the	sum	of	the	

areas	of	the	triangles	that	contain	the	vertex	i	(area	mass	matrix)	
– K	is	the	diagonal	matrix	whose	entries	are	the	regularised	

Gaussian	curvature	at	the	ver<ces	(curvature-based	weight	
matrix)	

– L	is	the	sHffness	matrix	with	cotangent	weights.

Discrete	Laplacians

L̃ := K�1A�1L



Discrete	Laplacians

L̃ = B�1L

B(i, i) = vi
Area	of	the	approximated	
Voronoi	cell

L(i, j) =

(
1

4⇡t2 exp
⇣
�kpi�pjk2

2
4t

⌘
i 6= j

�
P

k 6=i L(i, k) i = j

• Laplacian	matrix	on	point	sets[Belkin03-06-08,Liu12]

Discrete	Laplacians

L̃ = B�1L
i

p
j

q

↵k

B	encodes	tetrahedral	volumes

L(i, j) =

⇢ 1
6

Pn
k=1 lk cot↵k j 2 N(i)

�
P

k 6=i L(i, k) i = j

Polyg-mesh

Points

Points

T-mesh

T-mesh

• B	area-driven	matrix	
– Linear	FEM	weights	

• [Reuter2006,Vallet2008]	
– Voronoi-cotg	weights		

• [Desbrun1999,Aflalo2013]	

–Mean-value	weights		

• [Floater2003]	

– Polygonal	weights		
• [Alexa2011]	

– Voronoi-exp	weights		
• [Liu2012]	

• B=I	(Euclidean	product)	
– Cotg	weights		

• [Pinkall1999]	

– Exp	weights		
• [Belkin2003-06-08]

Discrete	Laplacians
• B	volume-driven	matrix

– Volumetric	cotg-weights	

• [Liao09,Tong03]

Unified	representaHon	of	the	
Laplacian	matrix	on	surfaces,	
volumes,	and	n-dimensional	data

L̃ = B�1L

Tet-mesh

�D := div(Drf)

D := diag('↵(m),'↵(M )), '↵(s) := (1 + ↵|s|)�1

m,M minimum	and	maximum	curvature	

• The	anisotropic	Laplace-Beltrami	operator	is	defined	as		

where	the	tensor	D	is	a	2x2	matrix	that		

– applies	to	vectors	belonging	to	the	tangent	planes	to	the	

surface	at	its	points	

– controls	the	direc<on	and	strength	of	the	deriva<on	from	

the	isotropic	case	(D:=I,	Laplace-Beltrami	operator).	
• Tensor[Shi08,Andreux14]

Laplace-Beltrami	operator



• The	Hamiltonian	operator	is	defined	as	

– V	is	a	poten<al	func<on,	which	is	aimed	at	localising	the	behaviour	of	

the	Hamiltonian	eigenfunc<ons	in	specific	regions	of	the	input	domain		

– the	trade-off	parameter	a	controls	the	global	and	local	support	of		the	
Hamiltonian	eigenfunc<ons	

• Discre<sa<on

Hamiltonian	operator

H := �+ aV
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Hamiltonian	
eigenfuncHons

Harmonic	FuncHons

• Harmonic	func<ons	as	solu<ons	to	the	Laplace	

equa<on	(eg.,	Dirichlet	boundary	condi<ons)

Harmonic	funcHons

⇢
�f = 0 M
f = g @M
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Laplacian	EigenfuncHons



Laplacian	eigenfuncHons
• ProperHes	of	the	Laplace-Beltrami	operator	

– self-adjoint:		⟨∆f,g⟩2=⟨f,∆g⟩2,	∀f,g	

– posiHve	semi-definite:	⟨∆f,f⟩2≥0,	∀f.	In	par<cular,	the	 
Laplacian	eigenvalues	are	posi<ve	

– locality:	the	value	∆f(p)	does	not	depend	on	f(q),	for	any	couple	of	
dis<nct	points	p,	q	

– null	eigenvalue:	the	smallest	Laplacian	eigenvalue	is	null	and	the	

corresponding	eigenfunc<on	φ,	∆φ=0,	is	constant	

• Laplacian	eigenbasis

� ! (�n,�n)
+1
n=0, ��n = �n�n

• The	generalised	Laplacian	eigensystem	of	(L,B)	

defines	a	set	of	n	linearly	independent	func<ons	that	

– can	be	used	for	the	solu<on	to	discrete	differen<al	equa<ons	

involving	the	Laplacian	matrix	(eg.,	heat	equa<on)	

– have	a	different	behaviour:	eigenfunc<ons	associated	with	small/

large	eigenvalues	have	a	smooth/irregular	behaviour

Laplacian	eigenfuncHons

Lxi = �iBxi hxi,xjiB = �ij �i  �i+1

L̃ = B�1Lx2 x5 x10

Laplacian	spectrum	-	ComputaHon
• 	The	O(n2)	computaHon	Hme	and	storage	overhead	of	the	whole	Laplacian	

spectrum	are	addressed	by	compu<ng	only	k	eigenpairs	-	k<<n:	O(kn)	
comput.	&	storage	cost[Golub89]	

– shic	method	computes	spectral	bands	centred	around	a	given	eigenvalue	

– inverse	method	computes	k	smaller/larger	eigenvalues	

– power	method	improves	the	convergence	speed	of	the	computa<on,	by	

considering	a	power	of	the	input	matrix	

• Numerically	unstable	computaHons	of	the	Laplacian	eigenpairs	are	due	to	

– mulHple	eigenvalues,	associated	with	high	dimensional	eigenspaces		

– switched	and/or	numerically	close	eigenvalues	with	respect	to	the	
approxima<on	accuracy	of	the	solver	of	the	Laplacian	eigenproblem	

and	are	independent	of	the	quality	of	the	discre<sa<on	of	the	input	domain.

• Perturb	the	input	Laplacian	matrix																			and	compute	the	

eigenvalue	of	the	new	problem	

whose	ini<al	condi<ons	are	the	eigenpairs	of	(L,B).	

• The	size	of	the	deriva<ve													indicates	the	varia<on	that	a	

Laplacian	eigenvalue	undergoes	when	the	Laplacian	matrix	is	

perturbed.	

• For	a	single	eigenvalue,	the	upper	bound		

shows	that	its	computaHon	is	stable.

(�(✏),x(✏)) : (L̃+ ✏E)x(✏) = �(✏)x(✏), �(0) = �, x(0) = x

Laplacian	spectrum	-	Stability

L̃+ ✏E

|�0(0)|  kExkB  kEkB

�0(0)



• Considering	an	eigenvalue	of	mulHplicity	m,	m>1,	and	the	
approxima<on	

a	perturba<on	of	order	10-m	induces	a	change	of	order	0.1.	

• For	the	perturba<on	of	Laplacian	eigenvectors[Golub89],	

close	eigenvalues	generally	induce	numerical	instabili3es.	
• Laplacian	eigenspaces	are	generally	stable	to	perturba<ons	

(—>projec<on	operator)

Laplacian	spectrum	-	Stability

kxi � xjk2  ✏
X

j 6=i

����
x>
i Exj

�i � �j

����+O(✏2)

�(�) ⇡ �m +O(�1/m)

ApplicaHons
• Spectral	graph	theory	&	Machine	Learning	

– Graph	par<<oning[Chung97,Fiedler93,Mohar93,Koren03]	

– Reduc<on	of	the	bandwidth	of	sparse	matrices[Golub89,Alpert99,Diaz02]	

– Dimensionality	reduc<on	with	spectral	embeddings[Belkin03,Xiao10]	

• Shape	analysis	
– Shape	segmenta<on[Liu07,Zhang05]	

– Shape	correspondence[Jain07,Jain&ZhangK07]	

– Shape	comparison[Marini11,Reuter05-06-07,Rustamov07,Wardetzky07,Jain06-07]	

– Spectral	kernels	and	distances		

• bi-harmonic	kernels/distances[Lipman10,Rustamov11]	

• diffusion	kernels/

distances[Bronstein10-11,Coifman06,Gebal09,Lafon06,Luo09,Hammond11,Patanè10]		

• wave	kernels/distances[Bronstein11,Aubry11]

ApplicaHons
• Geometry	processing			
– Data	reduc<on[Belkin03-08]	&	compression[Karni00]	

–Discrete	differen<al	forms[Desbrun99-05,Gu03]		

–Design	of	low-pass	filters	&	Implicit	mesh	

fairing[Taubin95,Desbrun99,Kim05,Pinkall93,Zhang03]	

–Mesh	watermarking	&	Geometry	compression[Obuchi01-02,Karni00]	

–Approxima<on	and	smoothing	of	scalar	func<ons[Patanè13]	

–Surface	deforma<on[Levy06,Sorkine04,Vallet08,Zhang07]	

–Local/global	parameterisa<on[Floater,Patanè04-07,Zhang05]		

–Surface	quadrangula<on[Dong05]

Heat	EquaHon	&	Kernel



Heat	diffusion	equaHon

VolumeSurface
⇢

(@t +�)F (·, t) = 0
F (·, 0) = f

• The	solu<on	to	the	heat	equa<on	can	be	expressed	in	

terms	of		

– the	Laplacian	spectrum	

– the	ac<on	of	the	diffusion	operator	

Heat	diffusion	equaHon

(�n,�n)
+1
n=0

F (p, t) = hKt(p, ·), fi2, Kt(p,q) =
+1X

n=0

exp(��nt)�n(p)�n(q)

diffusion	kernel

F (·, t) = exp(�t�)f =
+1X

n=0

exp(��nt)hf,�ni2�n

�t := exp(�t�)

• On	surfaces,	the	diffusion	kernel	encodes	local	

geometric	proper<es:	ie.,		

– for	an	isometry	between	2	manifolds[SOG09,Gri06]	

– at	small	scales[SOG09,	Var67],	the	auto-diffusive	func<on	

encodes	the	Gaussian	and	total	curvature

Heat	diffusion	equaHon

� : N ! Q KN
t (p,q) = KQ

t (�(p),�(q))

Kt(p,p) ⇡

⇢
(4⇡t)�1(1 + 1/3t(p)) +O(t2),
(4⇡t)3/2(1 + 1/6s(p)),

t ! 0,

• The	solu<on	to	the	discrete	heat	equa<on	is		

• Considering	the	spectral	factorisaHon	of	the	Laplacian	matrix	

(B	area/volume-driven	matrix)		

the	resul<ng	discrete	heat	kernel	Kt	admits	the	spectral	
representaHon

Discrete	heat	kernel

� := diag(�i)ni=1 Lapl. eig. val.
X := [x1, . . . ,xn] Lapl. eig. vec.L̃ = X�X>B

Kt = X�tX
>B �t := diag(exp(��it))

n
i=1

F(t) = Ktf , Kt ⌘ exp(�tL̃)

discrete	heat	kernel	



Spectrum-free

Previous	work
• Previous	work	for	the	computa<on	of	the	heat	kernel	and	the	

corresponding	diffusion	distances	can	be	classified	as	

– geometry-driven	approach	
• mul<-resolu<on	prolonga<on	operator	

– numerical	approaches	
• truncated	spectral	approxima<on	

• theta-method	method	

• power	method	

– numerical	approaches	-	higher	precision	
• Padè-Chebyshev	approxima<on		

• polynomial	approxima<on	

• Krylov	subspace	projec<on

• Truncated	spectral	approximaHon	of	the	heat	kernel	considers	the	
contribu<on	of	the	Laplacian	eigenvectors	related	to	the		k	smaller	

eigenvalues	

•Main	moHvaHons	
–exponen<al	decay	of	the	filter	as	the	eigenvalues/<me	increase	

–the	computa<on	of	the	whole	spectrum	is	not	feasible	for	a	large	n	

–numerical	instabili<es	due	to	close/mul<ple	eigenvalues,	associated	

with“high”	dimensional	eigenspaces	(eg.,	symmetric	shapes)	

• Remark:	for	small	scales,	we	must	compute	a	large	number	of	

eigenpairs	to	achieve	a	good	approxima<on	accuracy	

Previous	work

k

F(t) =
nX

i=1

exp(��it)hf ,xiiBxi

Previous	work

• Truncated	spectral	approxima<on	(k=200)

t = 10�4 t = 10�3 t = 10�2 t = 10�1

Previous	work

• Approximate	the	heat	kernel	with	mulH-resoluHon	
prolongaHon	operators[Vaxman10]		

– using	k	eigenpairs	on	a	specific	level	of	a	mul<-resolu<ve	shape	

representa<on		

– selec<ng	k	according	to	<me	and	the	shape	resolu<on	in	the	

hierarchy	

– prolonga<ng	the	heat	kernel	from	a	given	resolu<on	to	the	input	

shape



• We	discrete	the	temporal	deriva<ve	as	a	finite	difference	and	

introduce	a	convex	combina<on	of	the	values	of	the	solu<on	at	

consecu<ve	<mes:		

• Special	cases:	Euler	forward	(theta=0)	&	backward	method	
(theta=1)	

• In	geometry	processing:	Euler	backward	method	for	

fairing[Desbrun99]

Previous	work

⇢
(@t +�)F (·, t) = g
F (·, 0) = f
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1

�t
[F (p, tk+1)� F (p, tk)] + . . .

+ ✓�F (p, tk+1) + (1� ✓)�F (p, tk) = . . .

= g(p, tk+1).
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θ -method

Previous	work
• LimitaHons	

– Need	to	select/adapt	parameters	(eg.,	number	of	eigenpairs,	itera<ons,	

resolu<on	in	the	hierarchy)	to	shape/volume	details	and	selected	scales	

– No	a-priori	es<ma<on	of	the	approxima<on	accuracy	with	respect	to	

the	selec<on	of	k	Laplacian	eigenpairs	

• Goal:	review	of	numerical	approaches	with	a	higher	approximaHon	
accuracy	achieved	by	applying	a	(ra<onal)	polynomial	approxima<on	to	the	

exponen<al	filter	

– No	computa<on	of	the	Laplacian	spectrum	

– High	approxima<on	accuracy,	adjusted	through	the	selec<on	of	the	

polynomial	degree	

– No	selec<on	of	input	parameters

Volume

Spectrum-free	approximaHon

3D	Shape

⇢
(@t +�)F (·, t) = 0
F (·, 0) = f

F (·, t) = exp(�t�)f

F (p, t) = hKt(p, ·), fi2

• Idea	-	1D	case[Golub89]	
– Compute	the	best	(r,r)-degree	ra<onal	approxima<on	

crr(x)	of	ex	with	respect	to	the	l∞-norm	

– l∞	error	between	ex	and	its	ra<onal	approxima<on	is	

lower	than	σrr≈10-r	(unif.	ra3onal	Cheb.	constant)

Chebyshev	approximaHon

coeff poles

exp(x) ⇡ ↵0 �
rX

i=1

↵i(x+ ✓i)
�1



• Apply	the	(r,r)-degree	Padè-Chebyshev	ra<onal	

approxima<on	to	the	exponen<al	representa<on	of	the	

solu<on	to	the	heat	equa<on[Hammond11,Patane14]	

• Convert	the	diffusion	problem	to	a	set	of	r	differen<al	

equa<ons	that	involve	only	the	Laplace-Beltrami	operator

Chebyshev	approximaHon

F (·, t) = exp(�t�)f

⇡ ↵0f �
rX

i=1

↵i (t�+ ✓iid)
�1 f

= ↵0f +
rX

i=1

↵igi, (t�+ ✓iid) gi = �f

Change	of	
basis	funcHons

Chebyshev	approximaHon
• The	solu<on	is	approximated	in	a	low	dimensional	space	

generated	by	(r+1)	func<ons,	which	are	induced	by	the	input	

domain,	the	ini<al	condi<on	f,	and	the	selected	scale	t.	

• Convergence.	The	resul<ng	Padè-Chebyshev	approxima<on	

converges	to	the	solu<on	as	the	polynomial	degree	increases

(�n,�n)
+1
n=0

��n = �n�n
F (·, t) =

+1X

n=0

exp(��nt)hf,�ni2�n

kFr(·, t)� F (·, t)k2  kcrr(·, t)� exp(·, t)k1kfk2
 �rrkfk2
 10�rkfk2 ! 0, r ! +1

• Applying	the	Chebyshev	approxima<on	to																																				,	we	get	the	

spectrum-free	computaHon	of	the	solu<on	to	the	heat	equa<on	

that	requires	the	solu<on	to	r	sparse,	symmetric	linear	systems	

• No	input	parameters	(degree	r	is	fixed)	

• Numerical	solver	
– apply	an	itera<ve	solver	for	linear	systems	(e.g.,	minres):		

O(rn)-O(rnlog(n)),	according	to	the	sparsity	of	(L,B)	
– pre-factorise	the	matrix	B	(if	not	diagonal);	only	for	several	values	of	t	or	

several	ini<al	condi<ons	F(.,0)=f	(eg.,	diffusion	distances)

Chebyshev	approximaHon

Ktf ⇡ ↵0f +
rX

i=1

↵igi

(tL+ ✓iB)gi = �Bf , i = 1, . . . , r

Kt = exp(�tL̃)

Chebyshev	approximaHon

0 t

	seed	point
P.C. approx., r = 7



Chebyshev	approximaHon Chebyshev	approximaHon

t = 0.1 t = 1

	seed	point

Chebyshev	approximaHon

Voronoi-cotg	Laplacian	

weights[Desbrun99,Pinkiall99]

Anisotropic	Laplacian	

weights[Andreux14]

Isotropic	diffusion Anisotropic	diffusion[Boscaini16]	

Numerical	stability
• The	Cheb./polyn.	approx.	of	exp(-tC)	is	unstable	if	||tC||2	is	too	large.	

• From	the	upper	bound	

a	well-condi<oned	matrix	B	guarantees	that	||tB-1L||2	is	low.	

• If	the	Laplacian	matrix	is	ill-condi<oned,	then	we	can	apply	specialized	

Laplacian	pre-condi<oners[Krishnan13].

ktB�1Lk2  t�max(L)�
�1
min(B)

2(tL+ ✓iB)
i = 1, . . . , r



Numerical	stability	-	Gibbs	phen.
Padè-Chebyshev	approx.	r:=7

Trunc.	spectral	approx.	(k=500)

p

t = 10�1

t = 10�1

t = 10�2 t = 10�3

t = 10�2

t = 10�4

f(·) := Kt(p, ·) � 0

Robustness

Sampling	density

Robustness

Geometric	noise

Robustness

Holes

Cuts



Robustness

SHREC’16: Matching of Deformable 
Shapes with Topological Noise - 
[Lahner16]

Topological	noise

Robustness

SHREC’10: Robust shape 
retrieval - [Bronstein10] Almost	isometric	deformaHons

Polynomial	approximaHon
• RaHonal	polynomial	approximaHon[Pusa11]	of	the	exponen<al	

filter	based	on	quadrature	formulas	derived	from	complex	

contour	integrals.	

• Polynomial	approximaHon[Golub89]		
– applies	the	Taylor	power	series	to	the	exponen<al	matrix	(first	
r	terms)	

– has	an	accuracy	lower	than	the	Padè-Chebyshev	method	

(point-wise	instead	of	uniform	convergence)	
– generalises	the	1st	order	Taylor	approxima<on	applied	by	the	

power	method

exp(�tL̃) =
+1X

n=0

(�tL̃)n

n!

Polynomial	approximaHon

gi := L̃if = (B�1L)if

⇢
Bg1 = Lf
Bgi = Lgi�1

i = 2, . . . , r

Ktf ⇡
rX

i=0

↵iL̃
if

= ↵0f0 +
rX

i=1

↵igi, gi := L̃if = (B�1L)if

• The	discrete	spectral	kernel	is	approximated	as	

• If	B	is	not	diagonal	(eg.,	linear/cubic	FEM	weights),	then	

each	vector	gi	is	computed	through	the	recursive	rela<on	

and	we	solve	r	sparse	and	symmetric	linear	systems.



n

ComputaHonal	cost

�� Eigs(k = 500)
�� Eigs(k = 100)
�� Cheb.(r = 7)
�� Cheb.(r = 5)

n

Time (sec.)

n

Time (sec.)

Computa<onal	cost	for	

the	evalua<on	of	the	

heat	kernel	

G. Patané / STAR - Laplacian Spectral Kernels and Distances

Table 2: Numerical computation of the solution to the heat equation; t(n) is the cost for the solution of a sparse linear system.

Method Numerical scheme Scales Comput. cost References

Linear approximation

Trunc. spec. approx. Fk(t) = Âk
i=1 exp(�lit)hf,xiiBxi Any O(kn) [GV89, VBCG10]

Euler backw. approx. (tL̃+ I)Fk+1(t) = Fk(t) Small O(t(n)) [CDR00, DMSB99, ZH08]
I order Taylor approx. BF(t) = (B� tL)f Small O(t(n)) [CDR00, DMSB99]
Krylov/Schur approx. Projection on Any O(mt(n)), B 6= I [GV89, Saa92, ZH08]

{gi := (B�1
L)i

f}
m
i=1 O(n), B = I

Polynomial approximation

Power approx. F(t) = Âm
i=0 gi/i! Any O(mt(n)), B 6= I

gi := L̃
i
f O(n), B = I [GV89]

Rational approximation

Padé-Cheb. approx. F(t) = a0f+Âr
i=1 gi Any O(rt(n)) [CRV84, Sid98, Saa92]

(tL+qiB)gi =�aiBf [Pat13, Pat14, Pat16]
Contour integral approx. F(t) = Âr

i=1 aigi Any O(rt(n)) [Pus11]
(ai)

r
i=1 quadr. coeff.

tion [HO93], the evaluation of the curvature of the graph of the
L-curve or its adaptive pruning [HO93].

5.5. Computation of the discrete heat kernel

For the computation of the solution to the discrete heat equation and
kernel, we consider linear (Sect. 5.5.1), polynomial (Sect. 5.5.2),
and rational (Sect. 5.5.3) approximations. On volumes (Sect. 5.5.4),
we discuss the solution to the heat equation based on the analytic
representation of the heat kernel. With the exception of the trun-
cated spectral method, all the previous approximations are inde-
pendent of the evaluation of the Laplacian spectrum and reduce to
a set of sparse linear systems (Table 2). The polynomial and ratio-
nal approximations generally provide the best compromise between
approximation accuracy and computational cost.

5.5.1. Linear approximation

For the solution to the heat equation, we review the truncated spec-
tral approximation, the Euler backward method, the first order Tay-
lor approximation, the Krylov and Schur methods.

Truncated spectral approximation and power method The
computational bottleneck for the evaluation of the whole Lapla-
cian spectrum imposes on us to consider only a small subset of the
Laplacian spectrum. Since the decay of the filter factor exp(�lit)
increases with li, in the spectral representation of the solution to
the heat equation we consider only the contribution related to the
first k eigenpairs; i.e., Fk(t) = Âk

i=1 exp(�lit)hf,xiiBxi. The trun-
cated approximation is accurate only if the exponential filter decays
fast (e.g., large values of time) and the effect of the selected eigen-
pairs on the approximation accuracy cannot be estimated without
computing the whole spectrum. The multi-resolution prolongation
operators [VBCG10] prolongate the values of the truncated spec-
tral approximation, computed on a low-resolution representation of
the input shape, to the initial resolution through a hierarchy of sim-
plified meshes. In this case, the number of eigenpairs are heuristi-
cally adapted to the surface resolution and its global/local features.

Euler backward method In [CDR00, DMSB99], the solution to
the heat equation is computed through the Euler backward method
(tL̃+ I)Fk+1(t) = Fk(t), F0 = f. The resulting functions are over-
smoothed and converge to a constant function, as k !+1.

First order Taylor approximation Since the derivative of Kt
at t = 0 equals the Laplacian matrix (i.e., (I�Kt)/t ! B

�1
L,

t ! 0), the heat kernel Kt is approximated by (I� tB�1
L) and

F(t) = Kt f solves the sparse linear system B(Kt f) = (B� tL)f.
This last relation gives an approximation of F(t) that is indepen-
dent of the Laplacian spectrum and is valid only for small val-
ues of t. For an arbitrary value of t, the “power” method ap-
plies the identity (Kt/m)

m = Kt , where m is chosen in such a way
that t/m is sufficiently small to guarantee that the approximation
Kt/m ⇡ (I� t/mL̃) is accurate. However, the selection of m and its
effect on the approximation accuracy cannot be estimated a-priori.

Krylov and Schur approximations The Krylov subspace projec-
tion [GV89, Saa92] computes an approximation of exp(�tA)f in
the space generated by the vectors f,Af, . . . ,Am�1

f, thus process-
ing a m⇥m matrix instead of a n⇥n matrix, where m is much
lower than n (e.g., m ⇡ 20). This approximation [ZH08] becomes
computationally expensive when the dimension of the Krylov space
increases, still remaining much lower than n (e.g., n ⇡ 5K). In
both cases, the vector L̃

i
f = (B�1

L)i
f must be computed without

inverting the mass matrix; to this end, we notice that the vector
gi := (B�1

L)i
f satisfies the linear system Bgi = Lgi�1, Bg1 = Lf.

Since the coefficient matrix B is sparse, symmetric, and positive
definite, the vectors (gi)

m
i=1 are evaluated in linear time by apply-

ing iterative solvers (e.g., conjugate gradient) or pre-factorizing B.

5.5.2. Polynomial approximations

The exponential of a matrix A is defined as the exponential power
series exp(A) = Â+1

n=0 A
n/n!, which converges for any square ma-

trix A. Even though the input matrix A is sparse, its exponential
exp(�tA) is always full (t 6= 0) and can be computed or stored

c� 2016 The Author(s)
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Summary

ApplicaHons	
Signal	Smoothing

ApplicaHons	
• Applica<ons	of	the	heat	diffusion	kernel	and	distance	include	

–mulH-scale	representaHons	of	func<ons	[Rosenberg97,Patanè10-13]	
– shape	comparison	with	heat	kernel	shape	signatures	
[Bronstein11,Gebal09,Memoli09,Ovsjanikov10,Sun09]	

• intrinsic	to	the	input	shape	
• isometry-invariant	

• mul<-scale	(local	vs.	global	details)	

– diffusion	distances	&	descriptors	
[Aubry11,Belkin03,Coifman06,Gine06,Litman14,Singer06,Smola03]	

• data	matching	[Lafon06]		

• gradient	[Wang09],	cri<cal	points	computa<on	[Luo09]	

• data	representa<on	and	classifica<on	[Smola03]	

– shape	segmentaHon	[DeGoes08,Gebal08]	
– dimensionality	reducHon	[Belkin03,Roweis00,Xiaoa10,Tenenbaum00]	

– clustering	[Chapelle03]	
– …



Diffusive	smoothing:	opHmal	scale

t1 t2

t3
f F (·, topt)

F (·, t)

⇢
(@t +�)F (·, t) = 0
F (·, 0) = f

Diffusive	smoothing:	opHmal	scale

kfk2

⇥
kfk22 � |hf,�0i2|2

⇤1/2

|hf,�0i2|

opHmal	t

✏(t) = (kF (·, t)� fk2, kF (·, t)k2)
Residual	error Energy

Diffusive	smoothing:	opHmal	scale

Approx.	error:		P.C.	<1%;	trunc.	specr.	meth.	12%	(k=100)-13%	(k=1K)	

Diffusion	smoothing	

ApplicaHons	
Diffusion	distances		

&	descriptors



• Geodesic	distances	can	be	expressed	in	terms	of	the	heat	kernel	as	

–Otherwise[Crane13],	
• Integrate	the	heat	flow																																					(for	a	fixed	t)	
• Evaluate	the	vector	field	
• Solve	the	Poisson	eq.	

• OpHmal	transportaHon	distances	are	approximated	through	the	

solu<on	of	two	sparse	linear	systems	that	involve	the	heat	

kernel[Solomon15]	.	

• In	both	cases,	we	can	apply	the	spectrum-free	approach	to	

guarantee	an	accurate	approxima<on	of	the	heat	kernel.

Geodesics	approx.	via	heat	kernel

dG(p,q) = � lim
t!0

(4t logKt(p,q)) [Varadhan’s	formula[Varadhan67]]

@tF (·, t) = �F (·, t)

�� = divX

X := �rF (·, t)/krF (·, t)k2

Heat	diffusion	distance
• Idea:	associate	a	shape	M	with	the	funcHonal	space	
– F(M):={f:M—>R,	f	scalar	func<on	on	M}	

• eg.,	Laplacian	eigenproblem,	heat	equa<on,	etc	

and	define	the	metric	space	(M,dM),	equipped	with	diffusion	
distances	derived	from	Kt	on	F(M)	(diffusion	geometry).

Kt(p, ·)

Kt(q, ·)q

dt(p,q) := kKt(p, ·)�Kt(q, ·)k2

Diffusion	distancep

P

Kt(pi, ·)

Kt(pj , ·)

Kt(pi, ·)

F(P)

k · k2
Kt(pj , ·)

k · kB

Heat	diffusion	distance

dB(pi,pj) : = kKt(pi, ·)�Kt(pj , ·)k2B

=
nX

l=1

exp(�2�lt)|hxl, ei � ejiB|2

d2t (pi,pj) := kKt(pi, ·)�Kt(pj , ·)k2B

pi

pj
P

Heat	diffusion	distance

• Apply	the	Padè-Chebyshev	of	the	heat	kernel	to	

approximate	diffusion	distances.



ApproximaHon	accuracy

• Padè-Chebyshev	approxima<on	versus	truncated	spectral	
approxima<on	of	the	diffusion	distances	(r=5)

Padè-Chebyshev	approximaHon	error:	for	all	t,	lower	than	8.9*10-6

ApproximaHon	accuracy

Comparison	of	the	accuracy	of	

the	diffusion	distances	at	
different	scales.

Robustness Robustness



• Truncated	spectral	approximaHon:	
• Padè-Chebyshev	approximaHon:	
– solu<on	to	the	heat	equa<on	or	evalua<on	of	the	

diffusion	distance	between	2	points	

– one-to-all	distance	(no	pre-factorisa3on):																									
– one-to-all	distance	(pre-factorisa3on	of	B):	

• if	B	is	not	diagonal	

ComputaHonal	cost

O(rn⌧(n))

⇢
O(⌧(n)) lin. syst. solver
⌧(n) ⇡ n, n log n

O(r⌧(n))

O(kn)

O(n log n+ rn)

Diffusion	signatures	&	descriptors

• Heat	kernel	signature	

• Diffusion	embegging	

• Wave	kernel	signature

HKS(p) :=
+1X

n=0

exp(��nt)|�n(p)|2

WKS(p) =
+1X

n=0

exp(�i�nt)�
2
n(p)

DE(p) := (exp(��n)�n(p))
+1
n=0

<latexit sha1_base64="4XHVvyajnYSeAHnmG37y7jFrTnk="></latexit>

Diffusion	signatures	&	descriptors

• The	heat	kernel	matrix	Kt[Bronstein10,Patanè14]	is	
– self-adjoint	with	respect	to	the	B-scalar	product	
– intrinsically	scale-covariant	(ie.,	with	no	a-posteriori	
normalisa<on)	

– scale-invariant	through	a	normalisa<on	of	the	Laplacian	

eigenvalues	

– stable	to	noise	and	irregular	sampling,	thus	improving	the	

robustness	of	matching	based	on	heat	kernel	

descriptors[SHREC10]

Kt(↵M) = K↵2t(M)

Kt(↵M) = Kt(M)

Heat	kernel	&	shape	comparison

• Diffusion	descriptors	for	shape	comparison	have	

been	extensively	analysed	in	SHREC	contexts.

Transformations



Laplacian	Spectral		
Kernels	and	Distances

Distances	on	3D	shapes
• Geometry-driven	approaches:	define	the	distance	on	the	input	shape;	
eg.,	geodesics[Mitchell87,Surazhsky05,Kimmel98,Lipman10]	

• FuncHonal	approaches:	define	the	distance	in	the	space	of	func<ons	on	
the	input	surface	

– diffusion	distances[Bronstein10-11,Coifman06,Gebal09,Lafon06,Luo09,Hammond11,Patanè10]		

– commute-<me	&	bi-harmomic	distances[Lipman10,Rustamov11]	

–wave	kernel	distances[Bronstein11,Aubry11]		
– random	walks[Fouss05,Ramani13],	Mexican	hat	wavelets	&	distances[Hou12]	

• Mixed	approaches:	geodesic	distances	&	op<mal	transporta<on	

distances	are	approximated	in	the	geometric	and	func<on	space	

– approxima<on	through	the	heat	kernel[Crane13]	

–mul<-dimensional	scaling[Bronstein06,Panozzo13]

Spectral	distances
• Aim:	review	of	previous	work	on	the	defini<on	and	

computa<on	of		

– the	commute-<me,	bi-harmonic,	diffusion,	wave	kernel	

distances		

– the	corresponding	embeddings	and	shape	descriptors		

in	a	unified	way	by		

– introducing	the	spectral	distances,	which	are	defined	by	

filtering	the	Laplacian	spectrum	

– interpre<ng	the	main	proper<es	of	the	spectral	distances	in	

terms	of	the	proper<es	of	the	corresponding	filter	func<on

Spectral	distances

• Idea:	define	spectral	distances[Bronstein11,Patane14-16]	
by	filtering	the	Laplacian	spectrum

q

M

p

{(�n,�n)}+1
n=0 : ��n = �n�n

d2(p,q) =
+1X

n=0

'2(�n)|�n(p)� �n(q)|2

filter	funcHon' : R+ ! R



Spectral	distances
Log-scale

d2(p,q) =
+1X

n=0

'2(�n)|�n(p)� �n(q)|2

'2(s) Distance

– Diffusion	distances[Bronstein10-11,Coifman06,Gebal09,Lafon06,Luo09,Hammond11,Patanè10]		

– Commute-<me	&	bi-harmomic	distances[Lipman10,Rustamov11]	

– Wave	kernel	distances[Bronstein11,Aubry11]		

– Random	walks[Fouss05,Ramani13],	Mexican	hat	wavelets	&	distances[Hou12]

'2
t (s) = exp(�st)'2(s) = s�2 '2

t (s) = s�1 exp(�st)

Bi-harmonic dist. Diffusion dist. Mexican hat dist.

Spectral	distances
• Commute-Hme	distance[Bronstein11]	are	defined	the	integral	of	the	

diffusion	distance	with	respect	to	scale	

• Bi-harmonic	distances[Ovsjanikov12,Lipman10,Rustamov11]	

– for	small	distances,	they	have	a	nearly	geodesic	behavior	

– for	large	distances,	they	encode	global	shape	proper<es

d2(p,q) =
1

2

Z +1

0
d2t (p,q)dt

=
+1X

n=0

��1
n |�n(p)� �n(q)|2

'(s) := s�1/2

'(s) := s�1

Spectral	distances

Bi-harmonic	distances

Spectral	distances

• The	filters	are	defined		
– analyHcally	and	analogously	to	Laplacian	signal	

smoothing[Desbrun99,Kim05,Taubin95-96,Zhang03]		

– by	applying	supervised	learning[Aflalo11,Litman14]	on	a	data	set	of	3D	shapes		

• op<mal	spectral	signature[Litman14]:	linear	combina<on	of	B-splines	by	

minimising	a	task-specific	loss	func<on	

– by	controlling	their	behaviour	
• decay	to	zero,	periodicity	

• normalisa<on	with	respect	to	geometric	proper<es	of	the	domain	

in	such	a	way	that	the	corresponding	distances	are	

• mul<-scale	and/or	invariant	to	isometric	transforma<ons	

• smooth	and/or	localised	in	both	<me	and	frequency[Hammond11].



Spectral	distances
• The	smoothness,	locality,	and	encoding	of	local/global	shape	

properHes	depend	on	the	convergence	of	the	filtered	Laplacian	
eigenvalues	to	zero	

– increasing	the	filter	decay	to	zero	

• global	shape	proper<es	are	encoded	by	the	spectral	
distances,	by	reducing	the	influence	of	eigenfunc<ons	

associated	with	small	eigenvalues	in	the	spectral	distances	

– reducing	the	filter	decay	to	zero	

• local	shape	proper<es	are	encoded	by	the	spectral	
distances.

• Given	a	strictly	posi<ve,	square-integrable	filter	that	admits	the	

power	series’	representa<on	

we	define	the	spectral	operator	

which	is	well-defined,	linear,	con<nuous,	and		

where								is	the	spectral	kernel.

Spectral	distances

'(s) =
+1X

n=0

↵ns
n

�(f) := '(�)f =
+1X

n=0

'(�n)hf,�ni2�n

K'(p,q) =
+1X

n=0

'(�n)�n(p)�n(q)

K'

�(f) = hK', fi2

• Analogously	to	the	diffusion	distances,	previous	work	has	

defined	the	equivalent	representaHons	of	the	spectral	
distances

Spectral	distances

Spectral kernel

Lapl. spectrum

Spectral operator d2(p,q) = k�(�p)� �(�q)k22

=
+1X

n=0

'2(�n)|�n(p)� �n(q)|2

= kK'(p, ·)�K'(q, ·)k22
= k�(p)� �(q)k22 Spectral embed.

� : M ! `2, �(p) = ('(�n)�n(p))
+1
n=0

• Applying	the	generalised	eigendecomposi<on	of	the	

Laplacian	matrix,	the	discrete	spectral	kernel	is	

and	the	resul<ng	discrete	spectral	distance	is

Discrete	spectral	distances

K' = '(L̃) = X'(�)X>BL̃ = X�X>B

d2(pi,pj) = kK'(ei � ej)k2B

=
nX

l=1

'2(�l)|hxl, ei � ejiB|2

[spectrum-free	approx.]

[truncated	spectral	approx.]



Discrete	spectral	distances

• We	generalise	previous	work	on	the	computa<on	of	the	

diffusion	kernels/distances	to	the	case	of	spectral	distances	

– spectrum-free	approximaHon:	considers	the	representa<on	
of	the	distance	in	terms	of	the	spectral	kernel	and	apply	the		

• polynomial	approxima<on	of	the	filter	

• Padè-Chebyshev	approxima<on	of	the	filter	

• Krylov	sub-space	projec<on	
– truncated	spectral	approximaHon:	applies	the	
representa<on	of	the	distances	in	terms	of	the	Laplacian	

spectrum.

• Recalling	that		

– the	spectral	distances	are	defined	in	terms	of	the	

spectral	kernel	as		

– the	spectral	kernel	is	achieved	by	applying	filtering	the	
Laplacian	matrix	as	

we	compute	and	apply	the	best	r-degree	polynomial	
approximaHon	of	the	selected	filter	to	the	Laplacian	matrix

Spectrum-free	computaHon

Filter	map

K' = '(L̃) ⇡ pr(L̃)
r-degree	Taylor		
polynomial

pr(s) :=
rX

i=0

↵is
i

d(pi,pj) = kK'(ei � ej)kB

K' = '(L̃)

Spectrum-free	computaHon
'(s) = s�1/2 '(s) = s�1

'(s) = s�3/2 '(s) = (s log(1 + s))�1/2

Spectrum-free	computaHon
8 G. Patané / Laplacian Spectral Distances and Kernels

j(s) = s�3

(a) e1 = 1.2⇥10�5 (b) e1 = 9.1⇥10�4

j(s) = s�1 exp(�s)

(c) e1 = 2.3⇥10�5 (d) e1 = 4.2⇥10�4

j(s) = s�1 exp(�s)

(e) e1 = 1.2⇥10�5 (f) e1 = 2.1⇥10�4

Figure 9: Distances computed with the Padé-Chebyshev method (r = 5) on (a,c,e) regularly-sampled and (b,d,f) irregularly-
sampled (left) meshes and (right) point sets with holes. To improve the visualization, points are represented as spheres.

lm,n := p2(m2/a2 +n2/b2). For the sphere, the spherical
harmonics are fm,n(q,r) = N exp(imr)pm

l (cosq), where N
is a normalization constant and pm

l (·) is an associated
Legendre function. Since we have an infinite number
of eigenpairs, we select k such that the spectral dis-
tance dk(p,q) := Âk

n=0
|fn(p)�fn(q)|2

r2(ln)
becomes stationary;

i.e., |dk+1(p,q)�dk(p,q)|< e, where e is equal to the 1%.

Fig. 3 reports the `1 error (y-axis) between the ground-
truth distances induced by four filters and their approxima-
tion with the truncated spectral method with k Laplacian
eigenpairs (x-axis) and our approach. For filters with a fast
growth (e.g., r1 = s2 exp(st), r2 = sexp(st)), the truncated
spectral approximation provides a good accuracy (i.e., lower
than 10�5, with k � 85 for the cylinder, and k � 137 for the
sphere). Slowly increasing filters generally require a large
number of eigenpairs (i.e., k � 300 for the cylinder, k � 1K
for the sphere) to achieve an accuracy lower than 10�1.

Fig. 4 reports the `1 discrepancy (y-axis) between the
diffusion distance on the sphere/cylinder and its approxi-
mation computed with the Padé-Chebyshev method and the
truncated spectral approximation. In this case, the analyti-
cal expression of the Laplacian eigenfunctions on the sphere
and cylinder has been used to compute the ground-truth dis-
tances. For small scales (e.g., t = 10�2, 10�3), the approxi-
mation error remains higher than 10�2, with k  280 eigen-
pairs; in fact, local shape features encoded by the heat ker-
nel are recovered for a small t using the eigenvectors as-
sociated with high frequencies, thus requiring the compu-
tation of a large part of the Laplacian spectrum. For large
scales (e.g., t = 1, 10�1), increasing k strongly reduces the
approximation error until it becomes almost constant and
close to zero. In this case, the behavior of the heat kernel
is mainly influenced by the Laplacian eigenvectors related
to the smaller eigenvalues. Indeed, the truncated spectral
representation generally requires a high number of eigen-

submitted to COMPUTER GRAPHICS Forum (4/2016).

Linear	FEM	&	Voronoi-exp	Laplacian	matrix



• The	spectral	distances	can	be	approximated	by	considering	the	

contribu<on	of	the	Laplacian	eigenvectors	related	to	the	

smaller	eigenvalues	

– accurate	approxima<on	for	filters	with	a	fast	decay	

(periodic	filter:	eg.,	wave	kernel?)	

– the	number	of	selected	eigenpairs	must	be	adapted	to	local	

shape	details,	target	approxima<on	accuracy,	parameters	

(eg.,	<me	for	wave	kernel	distances):	not	a	trivial	task

Truncated	spectral	approximaHon

d2(pi,pj) ⇡
kX

l=1

'2(�l) |hxl, ei � ejiB|2

ApproximaHon	accuracy

'1(s) := s�1 exp(�ts)
'2(s) := s�1/2 exp(�ts)
'3(s) := s�1

'4(s) := s�1/2

ApproximaHon	of	spectral	distances	

– Truncated	spectral	approximaHon:	l∞	error	
between	the	ground-truth	spectral	distances	

induced	by	different	filters	and	their	

approxima<on	with	k	Laplacian	eigenpairs	

– Spectrum-free	approximaHon:	r:=8	degree	
polynomial	and	l∞	error	lower	than	10-4

• Truncated	spectral	approximaHon	
– computes	k	Laplacian	eigenpairs	in	O(kn)	<me	

– uses	the	Laplacian	eigenpairs	to	quickly	evaluate	distances	

induced	by	different	filters	on	the	same	surface	

– generally	has	an	accuracy	lower	than	the	spectrum-free	

approach.	

• Spectrum-free	approximaHon	
– Distance	evaluaHon	between	two	points	is	reduced	to	solve	r	

sparse,	symmetric,	linear	systems:		
– EvaluaHon	of	the	one-to-all	distance	

• no	factorisa<on	of	B:	
• with	factorisa<on	B:

Discrete	spectral	distances

O(r⌧(n))

O(rn⌧(n))

O(n log n+ rn)

Conclusions



Conclusions

FuncHonal	
approaches

Laplacian	spectral	
approaches

(�,')

Main (target) properties
• Intrinsic & multi-scale definition 
• Invariance to uniform scaling/isometries 
• Generalisation to n-D data
• Easy computation
• Approximation of geodesic & optimal 

transportation distances Laplacian	spectral	funcHons,		kernels	&	distances

Remeshing/skeletonisa<on/segmenta<on/etc

ApplicaHons

Conclusions

• Review	of	previous	work	on		

– the	Laplacian	spectral	funcHons,	kernels,	and	distances,	defined	by	filtering	the	
Laplacian	spectrum	and	as	a	generalisa<on	of	the	commute-<me,	bi-harmonic,	

diffusion,	and	wave	kernel	and	distances		

– their	discreHsaHon	according	to	a	unified	representa<on	of	the	Laplace-
Beltrami	operator,	which	is	“independent”	of	

• the	data	dimensionality	(surface,	volume,	nD	data)	and	discre<sa<on	

(mesh,	point	set)	of	the	input	domain	

• the	selected	Laplacian	weights	

– the	computaHonal	aspects	behind	their	evaluaHon		
• approxima<on	accuracy	&	stability	

• computa<onal	cost	&	storage	overhead		

• use	of	input	parameters	&	heuris<cs	

– their	main	applicaHons	to	geometry	processing	and	shape	analysis

Conclusions
• Future	work	&	possible	collaboraHons	

– Defini<on	of	shape-aware	funcHons	for	Hme-varying	&	mulH-
dimensional	data	(eg.,	graphs,	videos);	

–Analysis	of	the	constraints	on	the	filter	in	order	to	define	“op<mal”	

spectral	kernels	and	distances	for	applica<ons	in	geometry	processing	

and	shape	analysis	

– Applica<on/specialisa<on	of	the	spectral	basis	func<ons	to	
• shape	analysis	
• definiHon	of	shape-aware	funcHonal	spaces	where	we	approximate	

signal	or	solve	PDEs	

• Course	material	&	Papers	
– http://pers.ge.imati.cnr.it/patane/SGP2019/Course.html
– http://pers.ge.imati.cnr.it/patane/Home.html
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